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Abst rac t - - In  this note, we give a counter-example fora lemma of Harary and Lewinter about 
partitioning the hypercube with an arbitrary number of vertex- disjoint paths of even length. (~) 2001 
Elsevier Science Ltd. All rights reserved. 
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The hypercube Qn is the graph of 2 '~ vertices which can be considered to be all the Boolean vectors 
of length n, with an edge joining two vertices if they differ in exactly one coordinate. Qn can also 
be recursively defined using Cartesian product [1] as follows: Q1 =/ (2  and Qn+l = QnDK2. For 
two graphs G and H, G spans H if and only if for the vertex set, V(G) = V(H) ,  and for the edge 
sets, E(G) c E(H).  The graph Q,~ is a connected bipartite graph with each part containing half 
of the vertices; we call such a graph balanced or equitable. 
If G spans H, G is connected, and H is balanced, then G is also balanced. Thus, if a graph G 
spans Q,~, then IV(G) I = 2 n, G is balanced, and the maximum degree of the vertices of G satisfies 
A(G) <_ n. All these conditions together are necessary but not sufficient for a graph G to span Q, .  
A starlike tree or quasistar is a tree with just one vertex of degree greater than 2. This vertex 
is called the junction and its degree is the number of branches. We have clearly that a starlike 
tree is equitable iff it has exactly one branch of odd length. 
THEOREM 1. (See [2].) Every equitable k-branched star//ke tree on 2 n vertices with 3 < k < n 
spans Qn. 
Harary and Lewinter [3] gave an independent proof of this theorem. They used for that the 
following lemma. 
LEMMA 2. Given a set of vertices {Vl,..-, Vs} Of the same color in the bicoloration of Qn, and 
a set of even positive integers {e l , . . .  ,es} such that ~ e~ = 2 n, then there e~dst vertex-disjoint 
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paths  L1, . . . , L8 conta in ing el,  e2,. . . , es vertices, respectively, such that  each vi is an end vertex 
of Li. 
By a careful reading of the proof of this lemma given by the authors, we have found a mistake 
in Case 2(b), and in fact we are able to construct a counter- example to Lemma 2. 
Counter -Example  of  Lemma 2 
Let Q,~ for n > 4 and x E V(Qn) ,  and let N2(x) = {y • Y (Qn) /d (x ,y )  = 2}, clearly 
1 2(x)l = say p. 
Consider now the set of p + 1 vertices, {x} U N2(x) of Qn. This is a set of vertices of the same 
color in Qn, and let {a, e l , . . .  ,ep} be a set of even positive integers uch that a + ~-~ ei = 2 n, 
with a > 3. 
An x-path of length a must contain a vertex in N2(x) ,  thus there are no vertex-disjoint paths 
L, L1 , . . . ,  Lp which satisfy this lemma. 
As a consequence of the proof of the theorem by Nebesky [2], Lemma 2 is true if we assume 
s is at most n. From our counter-example, Lemma 2 is false if s > (~). An interesting open 
question is to find the greatest value of s such that Lemma 2 holds. 
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